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One of the salient features of the classical buckling equation for
isotropic elastic plates is the uncoupled nature between the bend-
ing and stretching contributions of the midplane. If D > 0 and
C > 0 denote bending and, respectively, extensional rigidities of
an elastic plate then the out-of-plane displacement, w, is known
to satisfy an equation of the form
DLbend½w þ CLkstretch½w ¼ 0: ð1Þ
The two differential operators that appear above have the obvious
interpretation, while k is some loading parameter describing in-
plane external actions. Since for thin plates D C, there is a natural
lengthscale imposed by such an assumption. A number of stability
studies where the singular-perturbation nature of (1) played an
instrumental role has been undertaken recently by the present
author and his associates (Coman, 2009; Coman and Bassom,
2007; Coman and Haughton, 2006).
Relaxing the fundamental isotropy assumption adopted in
those works, the scope of the present investigation is to under-
stand how polar orthotropy affects the earlier asymptotic results.
Since now
DLbend ¼
X3
j¼1
DjL
ðjÞ
bend;
the buckling equation (1) will have to be amended accordingly;
here, Dj > 0 are bending rigidity constants, while L
ðjÞ
bend
ðj ¼ 1; 2; 3Þ represent some simpler fourth-order partial differential
operators whose exact expressions are not needed at this stage. Thisll rights reserved.slight change in the original setting has a signiﬁcant impact on the
overall buckling analysis, as it will be seen shortly. One of the rea-
sons responsible for this is rooted in the presence of several inde-
pendent non-dimensional parameters in the modiﬁed version of
(1). It is precisely this additional feature that we wish to explore
in relation to the buckling of an annular plate that is radially
stretched by tractions applied along the two circular boundaries.
Before we delve into more technical details, it is important to see
how this new work ﬁts into the literature on buckling of orthotropic
plates.
The most prevailing attitude in dealing with the stability of
anisotropic plates is by ﬁtting them into the well-established
framework of buckling for isotropic structures (Bloom and Cofﬁn,
2001; Bulson, 1970; Lekhnitskii, 1968). Owing to the complexity
of the governing equations, numerical methods seem to be the
most popular choice in this ﬁeld of research (Whitney, 1987).
One of the challenges raised by the presence of orthotropy is that,
even in the case of a uniformly compressed circular plate, the pre-
buckling stress distribution is non-constant (Mossakowski, 1960;
Pandalai and Patel, 1965; Uthgenannt and Brand, 1970; Swamidas
and Kunikkasseril, 1973). It is the presence of such variable stres-
ses that makes the investigation of these problems less intuitive
than their isotropic counterparts. The use of power series (also
known as ‘‘Frobenius solutions”) and hypergeometric functions
(Mossakowski, 1960; Kaplyevatsky, 1975) held a strong appeal in
the past, despite the complexity of the corresponding determinan-
tal equations. Not only are such solutions extremely unwieldy, but
their practical use seems to have been conﬁned only to axisymmet-
ric or antisymmetric buckling forms.
Much work is available concerning compressive buckling of
polarly orthotropic annular thin plates. Without attempting to pro-
Fig. 1. Polar orthotropic annular plate subjected to radial tractions on its bound-
aries. The axisymmetric pre-buckling hoop stresses rhh change from compressive,
near the inner boundary, to tensile, in the complementary region.
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some relevance to the current study are mentioned brieﬂy below.
Tani and Doki (1982) used the closed-form Saint–Venant solution
for a pressurised anisotropic annulus (Lekhnitskii, 1968) to model
the pre-buckling stresses in the plate. Their numerical study
showed that the earlier power series efforts by Kaplyevatsky
(1975) were actually in error. Durban and Stavsky (1982) dealt
with the azimuthal shearing of a polarly orthotropic annulus, being
mostly interested in the quantitative departure from the isotropic
case. Larsson (1989) studied with the help of a FE analysis the local
instabilities caused by stretching a rectangular orthotropic plate
with a hole. Finally, Fu and Waas (1992) have undertaken an inter-
esting investigation regarding compressive buckling of both polar
and rectilinearly orthotropic annuli using a Rayleigh–Ritz ap-
proach; as in the latter case the pre-buckling stress distribution
was not available in closed-form, this was determined numerically
after introducing a suitable Airy stress function.
The use of regular perturbation methods for describing weakly
anisotropic structures goes back a long time ago – cf. the discus-
sion of Sections 3.8/9 in Vinson and Sierakowski (1986). What
makes this an attractive research avenue is that the solution of
the anisotropic structure can be calculated iteratively in terms of
a sequence of similar isotropic conﬁgurations (hence governed by
the usual biharmonic equation). On the other hand, the relevance
of singular-perturbation techniques to anisotropic plates and shells
is considerably more recent and seems to be far less explored. In
this direction, some notable problems regarding composite materi-
als have been discussed in (Evkin and Kalamkarov, 2001; Morozov,
2001) and the references therein.
We start off our investigation by the following route. A quick
recapitulation of the buckling equations appears in the next sec-
tion; the complicated partial differential equation governing the
wrinkling of the annular plate is reduced to a boundary-value
problem for an ordinary differential equation with variable coefﬁ-
cients, which depends on several non-dimensional parameters. The
ﬁrst clue as to the role played by each one of these quantities
comes from looking brieﬂy at a sample of direct numerical simula-
tions. The three sections that follow after that deal with several
asymptotic regimes suggested by the numerical work. To appreci-
ate the accuracy of our boundary-layer arguments, the correspond-
ing theoretical results are compared against samples of direct
numerical simulations of the original eigenproblem. The study
concludes with a brief discussion and possible extensions of the
perturbation strategy developed herein.2. Main equations and numerical results
The mathematical framework adopted in the subsequent analy-
sis mirrors closely that of Coman and Bassom (2007) and Coman
and Haughton (2006), except that the elastic plate is now allowed
to display cylindrical (or polar) orthotropy – e.g., Lekhnitskii
(1968). The general setting is shown in Fig. 1: a clamped annular
thin plate of inner radius R1, outer radius R2, and thickness
h ðh=R2  1Þ is stretched by prescribing uniform radial tensions
along the two circular boundaries. Classical plate theory is used
to study possible out-of-plane instabilities of this conﬁguration.
First, let us recall that the assumption of polar orthotropy intro-
duces a number of extra constitutive parameters in the problem; in
particular the inﬁnitesimal stresses ðrijÞ and strains ðeijÞ are
supposed to be linked through a generalised Hooke’s Law of the
form
err
ehh
erh
264
375 ¼ 1=Er mh=Eh 0mr=Er 1=Eh 0
0 0 1=ð2GrhÞ
264
375 rrrrhh
rrh
264
375;with Er; Eh being the Young moduli in the radial and hoop directions,
respectively; mr and mh are the corresponding Poisson’s ratios, while
Grh denotes the shear modulus characterising changes of angle be-
tween the r- and h-directions; these material constants are not
independent since the identity Er=Eh ¼ mr=mh must be satisﬁed as
well.
The axisymmetric state of stress in the plate prior to the onset
of buckling corresponds to the well-known Saint–Venant solution
describing the stresses in a thick cylinder subject to radial pressure
on its curved boundaries (Lekhnitskii, 1968). Assuming that
rrrðr ¼ RjÞ ¼ rj > 0 ðj ¼ 1;2Þ;
and introducing the short-hand notations,
k :¼ Eh
Er
 1=2
; g :¼ R1
R2
; q :¼ r
b
; k :¼ r1
r2
; ð2Þ
the in-plane pre-buckling stress distribution takes the form
r

rr ¼ r2ðD1 þ D2Þ and r

hh ¼ kr2ðD1  D2Þ; ð3Þ
where
D1ðk;qÞ  1 kg
kþ1
1 g2k q
k1; D2ðk;qÞ  g
kþ1ðk gk1Þ
1 g2k q
ðkþ1Þ: ð4Þ
Before going any further, it seems sensible to inquire as to the con-
ditions that lead to the onset of compressive stresses within the
stretched annular conﬁguration, in the absence of any bending
rigidity. It is not difﬁcult to see that, since g 6 q 6 1, the radial
stresses given by (3a) are always tensile. However, we also formally
ﬁnd that
r

hh
< 0 for g 6 q < qðkÞ;
¼ 0 for q ¼ qðkÞ;
> 0 for qðkÞ < q 6 1;
8><>: ð5Þ
with
qðkÞ :¼ ðk g
k1Þgkþ1
1 kgkþ1
 1=2k
: ð6Þ
There are a couple of restrictions imposed on the loading parameter
k by the last two sets of formulae: one needs to investigate whether
(6) is well deﬁned, in addition to ensuring that qðkÞ resides inside
the domain occupied by the annular plate, i.e. g < qðkÞ < 1. Elemen-
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neously satisﬁed provided that
2gk1
1þ g2k ¼: k < k < k
 :¼ 1þ g
2k
2gkþ1
: ð7Þ
It is clear that k represents the critical threshold beyond which the
hoop stresses in the annulus become compressive; furthermore, the
size of ‘ is not in any way linked to the onset of these compressive
stresses because of the axial symmetry postulated for the pre-buck-
ling state. For 0 < k <1 we have k > 0, and the situation is some-
what similar to the isotropic case (Coman and Bassom, 2007;
Coman and Haughton, 2006). However, not only limk!1k ¼ 0 but
also r

hh  0 in this limit, which means that, strictly speaking, no
buckling is possible when k ¼ 1. Physically, this corresponds to
what one would expect under normal circumstances: a circumfer-
entially very stiff annular plate is unlikely to buckle below the yield
limit.
Thedifferential equation that describes the existence of inﬁnites-
imal out-of-plane buckling displacementsw ¼ wðr; hÞ for an annular
plate with cylindrical orthotropy is well known (Bloom and Cofﬁn,
2001; Bulson, 1970; Lekhnitskii, 1968), and can be cast as
DrLr ½w þ DhLh½w þ 2DrhLrh½w ¼ hr

rrMr½w þ hr

hhMh½w; ð8Þ
where
Dr ¼ Erh
3
12ð1 mrmhÞ ; Dh ¼
Ehh
3
12ð1 mrmhÞ ;
Drh ¼ Drmh þ 2Drh; Drh ¼ 112Grhh
3
;
the differential operators that appear in (8) are deﬁned by
Lr  @
4
@r4
þ 2
r
@3
@r3
;
Lh   1r2
@2
@r2
þ 1
r3
@
@r
þ 2
r4
@2
@h2
þ 1
r4
@4
@h4
;
Lrh  1r2
@4
@r2@h2
 1
r2
@3
@r@h2
þ 1
r4
@2
@h2
;
and
Mr  @
2
@r2
; Mh  1r
@
@r
þ 1
r2
@2
@h2
:
For an isotropic plate,
Er ¼ Eh ¼: E; mr ¼ mh ¼: m;
Dr ¼ Dh ¼ Drh ¼ Eh
3
12ð1 m2Þ ;
so that k ¼ 1 and the pre-buckling stress distribution given by (3)
and (4) reduces to that found recently in a different context (Coman
and Bassom, 2009).
On substituting (3) in (8) and expressing the ﬁnal result in
terms of the non-dimensional independent variable q, it is found
that the behaviour of the resulting buckling equation is controlled
by k – deﬁned in (2), as well as by two other (independent)
parameters,
‘ :¼ Drh
Dr
 1=2
and l :¼ R2 hr2Dr
 1=2
:
Details of the rescaling strategy for similar problems were given by
Coman (2009) and Coman and Haughton (2006), so the correspond-
ing calculations are omitted.
A whole range of possible combinations are possible for the
constraints imposed on the two plate boundaries. In the interest
of brevity, we shall conﬁne our attention to the clamped case sce-nario, but one should keep in mind that this is not an essential
restriction. The solution of the problem is simpliﬁed further by
searching for functions with separable variables, i.e.
wðq; hÞ ¼WðqÞ cosðnhÞ;
where n 2 N represents half the number of identical folds symmet-
rically placed around the central hole of the plate, andW ¼WðqÞ is
a function to be determined.
After routine algebraic manipulations it is found that the inﬁn-
itesimal buckling amplitude satisﬁes the following ordinary differ-
ential equation:
g < q < 1
W
0000 þPðqÞW 000 þ QðqÞW 00 þRðqÞW 0 þSðqÞW ¼ 0; ð9Þ
with
PðqÞ  2
q
; QðqÞ   2n
2‘2 þ k2
q2
þ l2ðD1 þ D2Þ
" #
;
RðqÞ  1
q
2n2‘2 þ k2
q2
 kl2ðD1  D2Þ
" #
;
SðqÞ  n
2
q2
ðn2  2Þk2  2‘2
q2
þ kl2ðD1  D2Þ
" #
;
and subject to the constraints
WðqÞ ¼W 0ðqÞ ¼ 0 for q ¼ g;1: ð10Þ
Broadly speaking, our aim vis-á-vis this boundary-value problem is
to investigate the lowest critical eigenvalue and the corresponding
mode number, henceforth referred to as kc and nc , respectively; a
possible formal deﬁnition for these quantities is
kc :¼ min
n>0
kðnÞ ¼ kðncÞ ðl; k; ‘ ¼ fixedÞ:
The presence of several parameters in (9) complicates the task set
forth above, especially as regards various analytical aspects. In the
isotropic scenario recently analysed in the literature (Coman and
Bassom, 2007; Coman and Haughton, 2006), k ¼ ‘ ¼ 1 and it was
further assumed that l 1. Singular-perturbation methods were
found to be a very efﬁcient means of extracting systematic approx-
imations for both kc and nc . Thus, a number of questions emerge
naturally in relation to the new problem. Firstly, we are interested
to know whether it would be possible to extend the earlier work
ðl 1Þ to the important case of a polarly orthotropic material;
and, secondly, what happens when either k 1 or ‘ 1, but
l ¼ Oð1Þ? – two complementary scenarios that could be regarded
as relevant to strongly anisotropic plates. It must be emphasised that
both k and ‘ are independent of the plate thickness, so these new
singular-perturbation scenarios are likely to have an underlying
structure different from what could already be anticipated from
the work on isotropic plates.
A brief look at some direct numerical simulations of (9) and (10)
will serve as a guide for the subsequent asymptotic developments.
In Fig. 2 the dependence of the critical mode number is illustrated
in several cases of interest for a plate with g  R1=R2 ¼ 0:4. For in-
stance, in the left-hand window nc appears as a function of l for
several values of k > 0 when ‘ ¼ 3; a mild increase in k leads to a
drastic reduction in nc , a feature that persists for other values of
g and ‘ as well. Three arbitrary points are selected on one of the
curves and the localisation of the eigenmodes with increasing l
can be followed in Fig. 3(a) (the original range on the horizontal
axis, 0:4 6 q 6 1, has been suitably adjusted here). The asymptotic
structure of ncðkÞ as k 1 is included in Fig. 2(b). For smallish val-
ues of k, note that nc goes down as the former quantity increases
and all the other parameters in the problem are kept ﬁxed. How-
0.4 0.5 0.6
0  
0.7
1.4  
0.4 0.5 0.6
0  
0.7
1.4 
0.4 0.7 1  
0  
0.7
1.4 
(a) (b) (c)
Fig. 3. Samples of critical eigenmodes associated with the white markers seen in Fig. 2; in (a) the arrow indicates the direction in which l increases, while in (b) it has a
similar interpretation regarding k. Furthermore, the three eigenmodes recorded in the rightmost window are hardly distinguishable individually because of their little
quantitative differences – a feature that persists if ‘ is changed to other values as well. The various parameters used in the simulations are as follows: (a)
l 2 f100;500;900g ðk ¼ 2; ‘ ¼ 3Þ, (b) k 2 f25;50;75g ðl ¼ 10; ‘ ¼ 3Þ and (c) ‘ 2 f10;50;75g; ðl ¼ 10; k ¼ 2Þ.
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Fig. 2. The dependence of the critical mode number nc associated with the lowest positive eigenvalue of the boundary-value problem (9) and (10). In all cases considered,
g ¼ 0:4, but ‘ ¼ 3 in (a, b), and l ¼ 10 in (c); the values of the other parameters are shown individually by each curve. Further, a sample of arbitrary three points is selected in
each window (white markers), with the corresponding eigenmodes being illustrated in Fig. 3.
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mode numbers fall upon a generic curve, therefore suggesting a
scaling law of the form nc / ka, for some 0 < a < 1. The critical
eigenmodes are still localised, as can be seen by glancing at
Fig. 3(b). Quite a different phenomenon is experienced when
k;l ¼ Oð1Þ and ‘ 1. For the values shown in Fig. 2(c) the effect
of varying k seems to be conﬁned only to lowering or raising nc .
The important change lies with the eigenmodes seen in Fig. 3(c),
which now display a distinctive diffuse character; it will be seen la-
ter, in Section 5, that asymptotic methods are still relevant to this
case.
Having to deal with several non-dimensional parameters in (9)
and (10) makes conducting extensive direct numerical simulations
an unattractive prospect. We propose to use standard boundary-
layer theory to deal with the following situations:ðiÞ k; ‘ ¼ Oð1Þ; l 1; ðiiÞ l; ‘ ¼ Oð1Þ; k 1;
ðiiiÞ l; k ¼ Oð1Þ; ‘ 1:While (i) generalises our earlier works (Coman and Bassom, 2007;
Coman and Haughton, 2006), the remaining two cases have no
counterpart in the wrinkling of isotropic plates.
In order to avoid the unnecessary proliferation of notations, we
have considered appropriate to repeat some of the variable names
used in the subsequent parts. As these sections are independent of
each other, no risk of confusion should arise; at the same time, the
notations introduced in this section will be applied throughout the
rest of the paper.3. Approximations for k; ‘ ¼ Oð1Þ and l 1
The information provided in Fig. 3 conﬁrms the localisation of
the eigenmodes in this type of problems (Coman and Haughton,
2006), and which could be traced to the existence of g < qðkÞ < 1
deﬁned in (6). Since detailed calculations for a similar analysis
involving isotropic plates have appeared in (Coman, 2009), we out-
line brieﬂy only the main steps of the asymptotic strategy. Broadly
speaking, the plate behaviour is controlled by a couple of boundary
layers of thicknesses Oðl1=2Þ and Oðl1Þ; it is the former which
provides most of the information we need, so this is the natural
place to start.
Introducing the rescaled variable X ¼ Oð1Þ deﬁned by
q ¼ gþ l1=2X, the various quantities of interest are expanded
according to
k ¼ k0 þ k1l1=2 þ k2l1 þ 	 	 	 ; ð11aÞ
n2 ¼ N0l3=2 þ N1lþ N2l1=2 þ 	 	 	 ; ð11bÞ
W ¼W0ðXÞ þW1ðXÞl1=2 þW2ðXÞl1 þ 	 	 	 : ð11cÞ
These expressions are substituted in (9) and then the coefﬁcients of
like powers of l are set to zero. At leading order it is found that
k0 ¼ k, the value which was deﬁned on the left-hand side of (7).
The Oð1Þ contribution to the eigenfunction is governed by
Linn½W0  d
2W0
dX2
 HðXÞW0 ¼ 0; ð12Þ
where
HðXÞ :¼ kN0
2g3
kN0ðgk þ gkÞ  k1ð1þ g
2kÞ2
gk2ð1 g2kÞ þ 2kX
" #
:
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x :¼ k
2N0
g3
 !1=3
and
D :¼ 1
2g
N0
k
 1=3
kN0ðgk þ gkÞ  k1ð1þ g
2kÞ2
gk2ð1þ g2kÞ
" #
;
the change of variable Y ¼ xX þ D brings (12) into the classical Airy
equation, whence W0 / AiðYÞ – taking into consideration the re-
quired exponential decay of the eigenfunction outside the boundary
layer. This particular solution can only fulﬁl one of the two con-
straints (10) at X ¼ 0. Choosing to satisfy the former, eventually
leads to
k1 ¼ 1 g
2k
1þ g2k
kN0
g2
 2f0k
1=3gk1
N1=30 ð1þ g2kÞ
" #
; ð13Þ
where f0 
 2:3381 is the ﬁrst zero of the Airy function Ai. Mini-
mising (13) with respect to N0 then yields the critical mode number,
N0 ¼ N0 
2
3
jf0j
gkþ1
1þ g2k
  3=4
k1=2; ð14Þ
and therefore
k1 :¼ k1ðN0 ¼ N0Þ 
4g3k54 ð1 g2kÞ
ð1þ g2kÞ7=4
2
3
jf0j
 3=4
k1=2:
It is possible to improve upon the Oðl1Þ approximation of the
eigenvalue available through the expressions of kj ðj ¼ 0;1Þ just ob-
tained. For this, we require the next order equation,
Linn½W1 ¼ ðA10 þ A11XÞd
2W0
dX2
þ ðA20 þ A21X þ A22X2ÞW0; ð15Þ
where
A20 :¼  k2gkþ3
h
k2N0g2ð1þ g2kÞ2 þ k1N1g2ð1þ g2kÞ2:
2kN0N1ð1 g4kÞ
i
;
A21 :¼  k2gkþ3
h
k1N0gð1þ g2kÞ2 þ kk1N0gð1 g4kÞ:
þ2kN1gkð1 g2kÞ
i
;
A22 :¼ k
2N0
2g4
ð1 g2kÞ;
A10 :¼ ð2N0‘2 þ k1g2Þ1 g
4k
2gkþ1
;
A11 :¼ 6g
kð1 g2kÞ
2gkþ1
:
Since we actually need a closed-form solution of this equation, the
Y-variable introduced earlier provides a welcome simpliﬁcation so
far as mathematical tractability is concerned. Indeed, in terms of
this new variable, (15) becomes
Linn½W1 ¼ ðB10 þ B11YÞAi00ðYÞ þ ðB20 þ B21Y þ B22Y2ÞAiðYÞ
withB10 :¼ A10  A11f0x1;
B11 :¼ A11x1;
B20 :¼ x2ðA20  A21f0x1 þ A22f20x2Þ;
B21 :¼ x3ðA21  2A22f0x1Þ;
B22 :¼ A22x4;
so that
W1ðYÞ ¼ 15 ðB11 þ B22ÞAi
ð5ÞðYÞ þ 1
3
ðB10 þ B21ÞAið3ÞðYÞ  ðB11
þ B22ÞAið2ÞðYÞ þ B20Aið1ÞðYÞ
is the desired solution; here, the superscripts on the Airy functions
indicate differentiation with respect to Y. We remark in passing that
W1jX¼0 ¼
1
5
ðB11 þ B22Þf20 þ
1
3
ðB10 þ B21Þf0 þ B20
 
Ai00; ð16Þ
where Ai0  Aið1ÞðY ¼ f0Þ.
As it happens, the information available so far is insufﬁcient for
ﬁnding an expression for k2 in (11a). This must be complemented
by examining a secondary boundary layer described by the new
stretched variable X ¼ Oð1Þ, with q ¼ gþ l1X. The ansatz (11) re-
mains valid, except that (11c) must be amended according to
W ¼ l1=2W0ðXÞ þ l1W1ðXÞ þ 	 	 	 ; ð17Þ
where now
d4W0
dX4
 k0 d
2W0
dX2
¼ 0:
This equation is solved so that it satisﬁes W0 ¼ dW0=dX ¼ 0 at
X ¼ 0. Matching of the solutions (11c) and (17) with the help of
(16) provides an algebraic relation that can be exploited to extract
k2 in terms of known quantities only. Without going into the rather
lengthy (but routine) details, we simply state the ﬁnal expression of
k2 corresponding to N0 ¼ N0,
k2 :¼ k2ðN0 ¼ N0Þ 
2gkþ1
kN0ð1þ g2kÞ2
2
15
A11f
2
0xþ
8
15
A22f
2
0x
2

1
3
A10f0x2 x3k1=20

þ 2k1
3g
f0x1 1þ k
1 g2k
1þ g2k
  
: ð18Þ
The results we have got so far are summarised below:
kc ’ k þ k1l1=2 þ k2l1 and nc ’
ﬃﬃﬃﬃﬃﬃ
N0
q
l3=4 ðl 1Þ; ð19Þ
where N0 appeared ﬁrst in (14) and k was introduced in (7). To
appreciate the degree of accuracy provided by these formulae, we
record some comparisons with direct numerical work in Fig. 4. In
light of our experience with similar problems (Coman and Bassom,
2007; Coman and Haughton, 2006), the agreement we have here is
very good. From our extensive numerical experiments it transpired
that this feature holds only for k ’ 0:5 2:0 when g and ‘ have the
values mentioned in the caption. An explanation is that N0 goes to
zero exponentially fast as k 1, and thus it seems unsurprising
that the expansion (11c) becomes asymptotically disordered. In
general, the validity of (19) will be conﬁned to weakly anisotropic
materials with cylindrical symmetry, i.e. polarly orthotropic materi-
als for which both jk 1j  1 and j‘ 1j  1.4. Approximations for l; ‘ ¼ Oð1Þ and k 1
Localisation of the eigenmodes still persists in this scenario. To
capture their asymptotic details within the limit k 1, it is found
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Fig. 4. Comparisons between the asymptotic values (dotted curves) predicted by (19) and direct numerical simulations of the original eigenproblem (continuous line); here,
k ¼ 2; g ¼ 0:4 and ‘ ¼ 3.
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q ¼ gþ k1X, followed by expanding the unknowns,
k ¼ k0k2 þ k1k3=2 þ 	 	 	 ; ð20aÞ
n ¼ N0k1=2 þ N1 þ 	 	 	 ; ð20bÞ
W ¼W0ðXÞ þW1ðXÞk1=2 þ 	 	 	 : ð20cÞ
As k!1; D1ðq; kÞ deﬁned in (4) is exponentially small, while
D2ðq; kÞ ¼ k0 expðZÞk2 þ 	 	 	 ; Z  Xg :
The usual use of the ansatz (20) in (9) leads to the following bound-
ary-layer equation:
d4W0
dZ4

h
1þK0 expðZÞ
i d2W0
dZ2
þK0 expðZÞdW0dZ þ N
2
0
h
N20
þK0 expðZÞ
i
W0 ¼ 0; 0 < Z <1; ð21Þ
whereK0 :¼ k0g2l2. Note that Eq. (21) has a universal character since
it does not depend on any of the mechanical or geometrical parame-
ters that characterise the annular plate. We solved this numerically,
subject to W0 ¼W 00 ¼ 0 at Z ¼ 0 and exponential decay as Z !1,
in order to identify the value N0 ¼ N0 for which the eigenvalue K0
is least. It turns out that ðN0;K0Þ ¼ ð1:82183; 34:45367Þ, and thus
the leading-order behaviours of the eigenvalue and the mode number
are captured by the rather compact results for k << 1,
kc ’ 34:45367g2l2k2 and nc ’ 1:82183k1=2: ð22Þ
At this juncture it is natural to enquire whether higher-order cor-
rection terms can be easily incorporated in (22). It is not difﬁcult0  30 60 90 120
0
0.5
1
1.5
2
2.5
x 104
Fig. 5. In the left-hand window the asymptotic approximation (22) for kc (dotted curve) is
the other plot illustrates in a similar way the accuracy of the formula for the critical moto see that such additional terms must have the structure already
recorded in (20) but, unfortunately, the answer to the above ques-
tion is negative – simply because a closed-form solution of (21) is
not available. The same hurdle was encountered in a couple of re-
cent works involving residual stresses (Coman, 2009, 2010),
where further details about the origin of this difﬁculty may be
found. The absence of higher-order terms in (22) places some
limitation on its range of accuracy, mostly because the original
eigenproblems (9) and (10) depend on ‘ but our results do not.
Fig. 5 contains a representative comparison between the
asymptotics and the numerical simulations of (9) and (10), for
‘ ¼ 3; g ¼ 0:4 and l ¼ 10. The same degree of agreement is
obtained if the last two parameters are kept constant and
‘ ’ 0:5 4:0; changing g and letting l be Oð1Þ will obviously alter
the range permitted for ‘ ¼ Oð1Þ.
5. Approximations for k; l ¼ Oð1Þ and ‘  1
Although, strictly speaking, ‘ is not usually very large in practi-
cal applications, it is instructive to explore the dependence of kc
and nc on this parameter, nonetheless. One of the incentives is that,
with the beneﬁt of hindsight, the results obtained here constitute
tight lower bounds for these two important quantities. According
to the information recorded in Fig. 3(c) this time the eigenmodes
have a diffuse character. In fact, the solution of (9) and (10) con-
sists of an Oð1Þ part (or ‘‘core”) that extends over most of the inte-
gration range. As this main function happens to be the solution of a
second-order differential equation, the remaining derivative condi-
tions in (10) generate two weak boundary-layers that enable us to
satisfy all the original constraints. Below, we give the details of the
corresponding leading-order analysis.0  30 60 90 120
0
5
10
15
20
compared with the numerical solution of (9) and (10), shown with a continuous line;
de number nc . In both cases, l ¼ 10; g ¼ 0:4 and ‘ ¼ 3.
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k ¼ k0‘2 þ k1‘þ k2 þ 	 	 	 ; ð23aÞ
n2 ¼ N0‘þ N1‘1=2 þ N2 þ 	 	 	 ; ð23bÞ
Wout ¼W0ðqÞ þW1ðqÞ‘1=2 þW2ðqÞ‘1 þW3ðqÞ‘3=2 þ 	 	 	 : ð23cÞ
The ‘‘core” of the solution described by this ansatz solves
Lout½W0  q2 d
2W0
dq2
 qdW0
dq
þ 1þ 1
2
k0kl2
gkþ1
1 g2k q
kþ1  1
qk1
  
W0 ¼ 0; ð24Þ
subject to
W0ðgÞ ¼W0ð1Þ ¼ 0: ð25Þ
Finding k0 is therefore reduced to numerically integrating (24) and
(25); unlike (21), this problem will have to be solved separately for
each values of k, l and g.
At next order we ﬁnd
N0Lout½W1 ¼ N1Lout½W0; ð26Þ
and in light of (24) it transpires thatW1 solves the same equation as
its predecessor. It will be seen shortly that in order to enable match-
ing with the boundary-layer solutions we also need to require
W1ðgÞ ¼W1ð1Þ ¼ 0. Thus, we can take W1ðqÞ  0, without any loss
of generality.
With this information in hand we now proceed to solving for
W2, which can be shown to satisfy
2N0Lout½W2 ¼ 2N2Lout½W0  k0l2 C1 d
2W0
dq2
þ kC2 dW0dq
 !
þ ðk2N20 þ kN0l2C3k1ÞW0: ð27Þ
In the above equation, note that the N2-term drops out due to (24),
and the auxiliary expressions Cj  CjðqÞ that appear there are de-
ﬁned according to
C1 :¼  g
kþ1
1 g2k q
kþ3  1
qk3
 
; C2 :¼  g
kþ1
1 g2k q
kþ2 þ 1
qk2
 
;
C3 :¼ q1C2:
Eq. (27) will be solved subject to the same boundary conditions as
the previousWj’s ðj ¼ 0;1Þ. To justify this choice we need to inspect
the boundary-layer structure near the two endpoints q ¼ g and,
respectively, q ¼ 1. In fact, it sufﬁces to discuss the former situation
since both layers have the same thickness (although their governing
equations are slightly different, for obvious reasons).0  25 50 75 100
0
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Fig. 6. A sample of comparisons between (32) and the direct numerical simulations o
predictions, and in both cases l ¼ 10 and g ¼ 0:4.To this end, let us introduce a new stretched variable
X ¼ Oð1Þ; q ¼ gþ ‘3=2X. The forms (23a) and (23b) remain un-
changed, but (23c) is taken to be
W inn ¼ cW 0ðXÞ‘3=2 þ cW 1ðXÞ‘5=2 þ 	 	 	 : ð28Þ
It is immediately seen that cW 0 is governed by
Linn½cW 0  d4cW 0
dX4
 2N0
g2
 
d2cW 0
dX2
¼ 0;
subject to cW 0 ¼ dcW 0=dX ¼ 0 at X ¼ 0 and exponential decay as
X !1. The function that satisﬁes these requirements has the form
cW 0ðXÞ ¼ C1 exp X ﬃﬃﬃﬃﬃﬃﬃﬃﬃ2N0pg
 
þ X
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2N0
p
g
 1
 
;
and matching with the outer solution (23c) yields
C1 ¼ gﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2N0
p dW0
dq
 				
q¼g
:
While this information is not needed to the orders we require, the
boundary conditions on theW3-term that features in (23c) do make
use of this knowledge. A further close inspection of the matching
between the two solutions conﬁrms also the earlier choice of
boundary conditions for Eqs. (26) and (27).
Finally, we are in position to determine N0 in (23b) by taking
into account that (27) represents an inhomogeneous equation.
The usual Fredholm solvability condition will force its right-hand
side to be orthogonal to the solution of the corresponding homoge-
neous adjoint. If we let g  gðqÞ be the solution of this new prob-
lem, standard calculations show that
q2
d2g
dq2
þ 5q dg
dq
þ 4 1
2
kl2C3k0
 
g ¼ 0; g < q < 1;
gðgÞ ¼ gð1Þ ¼ 0:
8><>:
The solvability condition is then obtained by multiplying (27) by
gðqÞ and integrating over the range g 6 q 6 1. This gives
k1 ¼ 1kl2b4
k0l2ðb1 þ kb2Þ
N0
 N0k2b3
 
ð29Þ
with
b1 :¼
Z 1
g
C1ðsÞW 000ðsÞgðsÞds; b2 :¼
Z 1
g
C2ðsÞW 00ðsÞgðsÞds;
b3 :¼
Z 1
g
W0ðsÞgðsÞds; b4 :¼
Z 1
g
C3ðsÞW0ðsÞgðsÞds;
being evaluated numerically after solving the appropriate differen-
tial equations.0 25  50 75 100
0
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20
30
40
50
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k=2 
f (9) and (10) for k ¼ 0:5 and k ¼ 2:0. The dotted curves represent the asymptotic
C.D. Coman / International Journal of Solids and Structures 47 (2010) 1572–1579 1579Finally, the value N0 > 0 that minimises (29) is found to be
N0 ¼ N0  
k0l2ðb1 þ kb2Þ
k2b3
" #1=2
; ð30Þ
and then
k1  k1ðN0 ¼ N0Þ ¼ 2kl2
b3
b4
 
N0: ð31Þ
To summarise, we have obtained the following asymptotic
predictions:
kc ’ k0‘2 þ k1‘ and nc ’
ﬃﬃﬃﬃﬃﬃ
N0
q
‘1=2 ð‘ 1Þ: ð32Þ
The validation of these results is achieved by ﬁrst solving (24) and its
adjoint, so that the integrals bj ðj ¼ 1; . . . ;4Þ can be evaluated numer-
ically (using Simpson’s rule, for example). Fig. 6 presents a sample of
two representative comparisons with the numerical solution of the
original eigenproblem; both cases considered there have g ¼ 0:4
and l ¼ 10. For k ¼ 0:5 we obtained k0 ¼ 0:84088; k1 ¼ 0:38353
and N0 ¼ 4:64781, while for k ¼ 2; k0 ¼ 0:946007; k1 ¼ 1:76325
and N0 ¼ 2:34241. It is seen that our asymptotic predictions repro-
duce faithfully the brut-force numerical results, and we remark in
passing that thebest agreement is foundwithin the range jk 1j  1.
6. Discussion
Elastic buckling of a polarly orthotropic annular plate in tension
has been investigated using both numerical and asymptotic tools.
Our primary interest has been in understanding howvarious combi-
nations of physical parameters inﬂuence the response of the plate to
in-plane tensile forces. By using singular-perturbation techniques
we have succeeded in capturing explicitly the dependence of the
critical eigenvalues and mode numbers on known parameters. The
results of Section 3 generalise our earlier work (Coman and Bassom,
2007) to polarly orthotropic materials; here, the solution procedure
is intimately linked to the singular-perturbation nature intrinsic to
classical plate theory (see the comments made in Section 1). These
ﬁndings are expected to be applicable in the limit l 1 to weakly
anisotropic materials with cylindrical symmetry, i.e.
Dh
Dr
¼ 1þ 	 	 	 ; Drh
Dr
¼ 1þ 	 	 	 ;
where the dots stand for small correction terms. By way of contrast,
the subsequent analyses of Sections 4 and 5 dealt with a different
type of perturbation involving only the constitutive properties of
the material, while being independent of the plate thickness. This
type of perturbation procedure is meaningful only within the con-
text of anisotropic plates. A related investigation involving the
instability of a spinning disk has been recently completed by the
author (Coman, in press).
The approximations found in this paper perform remarkablywell
for values of the controlling parameters that, strictly speaking, fall
outside the asymptotic regimes postulated – a typical feature of sin-
gular-perturbation techniques. Unfortunately, the presence of sev-
eral non-dimensional combinations of parameters in the
governing eigenproblem demands a separate investigation for each
individual limit of interest. Here, we have conﬁned ourselves to the
simplest possible cases in order to demonstrate the unifying charac-
ter of singular-perturbation techniques for this class of problems.
A key ingredient in the foregoing analysis was the availability of
a closed-form solution for the distribution of pre-buckling stresses
– see (3) and (4). If the plate is subjected to non-uniform tensile
forces then some form of buckling is still likely to occur, but the
asymptotic approach becomes impracticable. For a circular plate,
it was shown by Durban (1977) that the classical method of expan-sion in eigenfunctions can be used systematically to provide an-
swers for such non-uniform loading cases.
Boundary-layers in the two-dimensional theory of elasticity for
strongly anisotropic solids were investigated in the past by a num-
ber of authors (Everstine and Pipkin, 1973; Morland, 1973; Spen-
cer, 1974). Since our pre-buckling stress distribution does not
depend on Grh, the asymptotic phenomena reported in the present
study are not directly related to the papers just cited. In future
work we plan to investigate the interaction between such a partic-
ular type of boundary layer and the out-of-plane bending deforma-
tion of a prestressed plate.
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